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Abstract
It is known that the sphere-level S-matrix element of four type II superstrings has
one kinematic factor. At the low energy limit, this factor produces the kinematic
factor of the corresponding Feynman amplitudes in the supergravity. It also produces
higher-derivative couplings of four strings. In this paper, we explicitly calculate the
kinematic factor of four RR states in the supergravity. Using this factor, we then find
the eight-derivative P-even and P-odd couplings of four RR fields, including the self-
dual RR five-form field strength. We show that the P-even couplings are mapped to
the standard R¯4 couplings by linear T-duality and S-duality transformations. We also
confirm the P-even couplings with direct calculations in type II superstring theories.
Keywords: Supergravity, S-matrix, S-duality, T-duality, Higher-derivative Couplings
1hamidreza.bakhtiarizadeh@stu-mail.um.ac.ir
2garousi@um.ac.ir
0
1 Introduction
Superstring theories at low energy limit are described appropriately by supergravities which
include only the massless modes and their interactions at two-derivative level. These theories
inherit many symmetries of the superstring theories such as string dualities [1–4]. For many
purposes, it is enough to use only these effective theories, but there are situations for which
one must go beyond the lowest order terms in the effective actions. The higher order terms
must be corrections in α′ and in the string coupling constant gs. The main challenge thus
is to implement the symmetries of the superstring theories to find an effective action that
incorporates all such corrections, including non-perturbative effects [5].
Subleading terms in type II effective actions start at eight derivative level, and were first
calculated at the tree level from four-graviton scattering [6, 7] as well as from the σ-model
beta function [8–13]. They take the following form at tree level in string frame:
S ⊃ γ
3.27κ2
∫
d10x e−2φ
√−G
(
t8t8R
4 +
1
4
ǫ8ǫ8R
4
)
, (1)
where γ = α
′3ζ(3)
25
and t8 is a tensor which is antisymmetric within a pair of indices and is
symmetric under exchange of the pair of indices. The above expression, however, cannot
be complete, as supersymmetry will necessarily bring in additional higher order terms built
from the other fields in the supergravity multiplet. This includes the B-field and dilaton
in the NSNS sector, the n-form field strengths in the RR sector, and their corresponding
fermionic superpartners. It would be desirable to obtain a supersymmetric invariant action
at the eight-derivative level which is the completion of the above terms [14–19, 23].
The bosonic couplings in the effective action (1) may also be found by constraining it to be
consistent with the string dualities [20–25]. The couplings at weak field level, i.e., four-field
couplings, may also be found more directly from the corresponding scattering amplitude of
four vertex operators. They must be also consistent with linear string dualities. The sphere-
level scattering amplitude of four strings has the following structure in Einstein frame [6,7]:
A =
(
Γ(−e−φ0/2s/8)Γ(−e−φ0/2t/8)Γ(−e−φ0/2u/8)
Γ(1 + e−φ0/2s/8)Γ(1 + e−φ0/2t/8)Γ(1 + e−φ0/2u/8)
)
K (2)
where K is kinematic factor that depends on external states, φ0 is the constant dilaton
background and s, t, u are the Mandelstam variables1 The low energy expansion of the
Gamma functions is
Γ(−e−φ0/2s/8)Γ(−e−φ0/2t/8)Γ(−e−φ0/2u/8)
Γ(1 + e−φ0/2s/8)Γ(1 + e−φ0/2t/8)Γ(1 + e−φ0/2u/8)
= −2
9e3φ0/2
stu
− 2ζ(3) + · · · (3)
where dots refer to higher order contact terms. Thus, the kinematic factor plays two roles.
It produces the Feynman amplitude of four massless strings in the supergravity [26]. On the
other hand, it produces the couplings of four strings at order α′3 [6, 7].
1Relation between the Einstein frame metric and the string frame metric is GEµν = e
−φ/2GSµν .
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The kinematic factor of RR states involves various traces over the 10-dimensional gamma
matrices. Performing the traces, one expects that the amplitudes at two-momentum level
are reproduced by the corresponding Feynman amplitudes in the supergravity, and at eight-
momentum level they reproduce the eight-derivative couplings in the action (1). Such calcu-
lation for the scattering amplitude of two RR and two NSNS states has been done explicitly
in [27]. It has been shown that the couplings at eight-derivative level are related to four
NSNS couplings found in [6, 7] through the linear T-duality and S-duality [27].
In this paper, we are interested in the couplings of four RR fields in the effective action
(1), including the RR five-form field strength which must be self-dual. We use the above
double roles of the kinematic factor. That is, we first calculate the kinematic factor of four
RR states in the type II supergravities, then we use it to find the couplings of four RR states
at order α′3. The standard type IIB supergravity, however, is off by the fact that it does not
include the self-duality of the RR five-form field strength. The self-duality must be imposed
by hand on equations of motion [28]. In this paper, we impose the self-duality of the RR
five-form field strength by hand in the scattering amplitudes. The couplings we have found
then have P-even and P-odd parts. We will confirm the P-even couplings by demonstrating
that they are related to four NSNS couplings [6, 7, 29] through the linear T-duality and S-
duality transformations. We will also confirm them by direct comparison with the kinematic
factor in the type II superstring theories.
The paper is arranged as follows: In section 2, we use the type II supergravities to calcu-
late various scattering amplitudes of four RR states, and find their corresponding kinematic
factors. We then transform these factors to spacetime and find various couplings of four
RR field strengths at order α′3. After imposing the self-duality on the RR five-form field
strength, we find all P-even and P-odd couplings. In section 3, the S-duality and T-duality
have been used as guiding principles to find the P-even couplings of four RR field strengths
from the sphere-level couplings of four NSNS states. We find exact agreement with the P-
even part of the above couplings. In section 4, we confirm the P-even couplings directly in
type II superstring theories by performing the traces in the corresponding kinematic factor
of the S-matrix element of four RR vertex operators in the RNS and in the Pure spinor
formalisms.
2 Field theory amplitude
In this section we are going to calculate the S-matrix elements of four RR fields in super-
gravity. These amplitudes have the following structure in the Einstein frame:
A =
Ks
s
+
Kt
t
+
Ku
u
=
1
stu
(
tuKs + suKt + stKu
)
(4)
2
where Ks, Kt and Ku are the field theory kinematic factors in s-, t- and u-channel, respec-
tively. The Mandelstam variables are defined as s = −4α′k1·k2, u = −4α′k1·k3, t = −4α′k2·k3
and they satisfy the on-shell condition s + t + u = 0. Comparing this amplitude with the
leading term of the string theory amplitude (2), one finds the following relation between the
field theory and the string theory kinematic factors:
K = −2−9e−3φ0/2
(
tuKs + suKt + stKu
)
(5)
Multiplying this factor by −2ζ(3) and transforming it to the the coordinate space, one then
finds the couplings of four RR fields at order α′3.
The type II supergravities describe interactions of massless fields of type II superstring
theories at two-derivative level. The type IIA supergravity in the Einstein frame is given as
(see e.g., , [30])
SIIA =
1
2κ2
∫
d10x
√−G
R− 1
2
∂µΦ∂
µΦ− 1
2
e−Φ|H|2 − 1
2
∑
n=2,4
e
5−n
2
Φ|F˜ (n)|2

− 1
4κ2
∫
B ∧ dC(3) ∧ dC(3), (6)
where R is the scalar curvature, Φ is the dilaton field and H is the B-field strength H = dB.
The RR field strengths are F˜ (2) = dC(1) and F˜ (4) = dC(3) − H ∧ C(1). The above action is
the reduction of 11-dimensional supergravity on manifold R1,9 × S1.
Unlike the type IIA supergravity, there is a challenging feature in type IIB supergravity
which is the self-duality of five-form field strength. It is hard to formulate the action in a
manifestly covariant form. One way to find the action is to first construct the supersymmetric
equations of motion, and then to write down an action that reproduces those equations when
the self-duality condition is imposed by hand. The type IIB supergravity in the Einstein
frame is given as (see e.g., , [30])
SIIB =
1
2κ2
∫
d10x
√−G
R− 1
2
∂µΦ∂
µΦ− 1
2
e−Φ|H|2 − 1
2α
∑
n=1,3,5
e
5−n
2
Φ|F˜ (n)|2

− 1
4κ2
∫
H ∧ dC(2) ∧ C(4), (7)
where α = 1 for n = 1, 3 and α = 2 for n = 5. The RR field strengths in this case are
F˜ (1) = dC(0), F˜ (3) = dC(2) −HC(0) and
F˜ (5) = dC(4) − 1
2
C(2) ∧H + 1
2
B ∧ dC(2). (8)
The self-duality condition that must be imposed in the equations of motion by hand, is
F˜ (5) = ⋆F˜ (5). (9)
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We will show that without the above self-duality condition, the action (7) does not reproduce
correctly the S-matrix element of string theory at low energy. However, imposing this con-
straint by hand on the S-matrix elements, we will find the consistency between field theory
and string theory S-matrix elements.
Using the above supergravity actions, one can read various vertices, propagators, and
accordingly calculate the Feynman amplitude of four RR states. For this purpose, we assume
the massless fields are small perturbations around the flat background, i.e.,
gµν = ηµν + 2κhµν ; B
(2) = 2κb(2) ; Φ = φ0 +
√
2κφ (10)
The explicit form of the propagators and the vertices that we need in this paper appears in
Appendix A. The external states satisfy the on-shell relations k2 = 0 and k ·ε = 0 where
εµ1µ2··· is the polarization of external RR states. Therefore, the couplings that we will find
does not contain ∂µF
µµ1µ2···.
2.1 ∂F (n)∂F (n)∂F (n)∂F (n) couplings
There are five types of couplings in this section, i.e., n = 1, 2, 3, 4, 5. When the four RR
forms have the same rank, the actions (6) and (7) dictate that for the cases n = 1, 2, 3, the
Feynman amplitude in the s-channel is given by the following expression:
As =
[
V˜
F
(n)
1 F
(n)
2 h
]µν [
G˜h
]
µν,λρ
[
V˜
hF
(n)
3 F
(n)
4
]λρ
+ V˜
F
(n)
1 F
(n)
2 φ
G˜φV˜φF (n)3 F
(n)
4
, (11)
where the vertices and propagators are given in the Appendix A. The amplitude in the u-
channel is the same as As in which the particle labels of the RR fields are interchanged, i.e.,
Au = As(2 ↔ 3). Similarly, the amplitude in the t-channel is the same as Au in which the
particle labels of the external RR fields are interchanged, i.e., At = Au(3↔ 4).
Replacing the vertices and propagators in (11), one can calculate the string theory kine-
matic factor (5). To convert this factor to the couplings in the form of (∂F )4, we use the
conservation of momentum,
∑4
i=1 ki = 0, and the on-shell relations on the external states to
write the multiples of two Mandelstam variables which appear in (5), as
st = 8α′2 (k1 ·k3 k2 ·k4 − k1 ·k2 k3 ·k4 − k1 ·k4 k2 ·k3) ,
su = 8α′2 (k1 ·k4 k2 ·k3 − k1 ·k2 k3 ·k4 − k1 ·k3 k2 ·k4) ,
tu = 8α′2 (k1 ·k2 k3 ·k4 − k1 ·k3 k2 ·k4 − k1 ·k4 k2 ·k3) , (12)
where on the right-hand side each label appears once in each term. With the assistance of a
field-theory inspired package for Mathematica, “xTras” [31] as well as a symbolic computer
algebra system for field theory problems known as “Cadabra” [32,33], we find the following
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couplings for n = 1, 2, 3 in the Einstein frame2:
K = −α
′3e5φ0/2
29κ2
[6Fa,cFb,dFa,bFc,d − Fa,cFb,dFa,cFb,d] (13)
K = α
′3e3φ0/2
211κ2
[8Fab,eFbc,fFad,fFcd,e − 2Fab,eFab,fFcd,fFcd,e + Fab,eFab,eFcd,fFcd,f ]
K = −α
′3eφ0/2
21132κ2
[18Fabc,gFbcd,hFaef,hFdef,g − 2Fabc,gFabc,hFdef,hFdef,g + 18Fabc,gFbcd,hFaef,gFdef,h
−18Fabc,gFbcd,gFaef,hFdef,h + Fabc,gFabc,gFdef,hFdef,h].
The antisymmetric properties of the RR field strengths have been taken into account to
simplify the kinematic factors in above form. However, multi-term symmetry, i.e., the
Bianchi identity for the RR field strength, dF = 0, which relates a sum of terms with
different index distribution, has not yet been taken into account. This identity reduces the
number of couplings to the minimal number.
To do this last step, we use the following algorithm: The general structure of each
coupling in the momentum space contains four RR field strengths that each one caries one
momentum index. We first write it in terms of independent variables. This can be done
by writing the RR field strengths in terms of RR potentials and using the conservation
of momentum and the on-shell relations to rewrite the coupling in terms of independent
variables, i.e., writing k4 = −k3 − k2 − k1 and k3 ·ε4 = −k1 ·ε4 − k2 ·ε4. This impose all
symmetries, including the Bianchi identity. Then, we consider all possible contractions of
four RR field strengths with unknown coefficients and rewrite them in terms of independent
variables. By comparing these two results, one finds some algebraic equations between the
unknown coefficients which can be solved to find the coefficients.
To find the minimum number of couplings, we set all unknown coefficients to zero except
one of them and solve the equations. If there is a solution, then the coefficient of the
minimum terms which is one in this case, would be found. Otherwise, we have to repeat
this procedure by setting all coefficients to zero except two of them. If there is a solution,
then the coefficient of the minimum terms which is two in this case, would be found. We
continue this approach to find the minimal number of couplings.
Performing this calculation for the couplings (13), we simplify them to the following
couplings in the string frame:
S ⊃ γ
8κ2
∫
d10x e2φ0
√−G
[
2Fa,bFa,bFc,dFc,d (14)
+2Fad,eFab,cFcf,dFef,b + 2Fad,eFab,cFcf,bFef,d − 1
2
Fab,dFab,cFef,dFef,c
+Faef,dFabc,dFbeg,hFcfh,g + Fabe,fFabc,dFcfg,hFdeg,h + Fabe,fFabc,dFcgh,eFfgh,d
]
.
2All contracted indices have been written as subscripts for easier readability.
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While the above algorithm reduces the number of terms for n = 1, 3, it does not reduce the
three couplings in the case of n = 2. However, the index distribution is changed. It means
there are at least two different index distributions for the three terms that are identical up
to the Bianchi identity. Note that to find the standard sphere-level dilaton factor e−2φ0 in
the string frame, one has to normalize the RR potential C with eφ0C. The normalization of
the RR fields in above action is consistent with the supergravities (6) and (7).
For n = 4 case, there is another contribution to the scattering amplitude in the s-channel
which is coming from the Chern-Simons term in (6). The Feynman amplitude in this case
is given as
As =
[
V˜
F
(4)
1 F
(4)
2 h
]µν [
G˜h
]
µν,λρ
[
V˜
hF
(4)
3 F
(4)
4
]λρ
+ V˜
F
(4)
1 F
(4)
2 φ
G˜φV˜φF (4)3 F
(4)
4
+
[
V˜
ǫ10F
(4)
1 F
(4)
2 b
]µν [
G˜b
]
µν,λρ
[
V˜
bF
(4)
3 F
(4)
4 ǫ10
]λρ
The amplitude in the first line is the same as the amplitude (11). The term in the second
line has two Levi-Civita tensors which can be replaced by the generalized kronecker delta
according to the following expression:
ǫm1···mdǫn1···nd = −δ[n1m1 · · · δnd]md, (15)
The massless pole in the u-channel is the same as As in which the particle labels of the
external RR fields are interchanged, i.e., Au = As(2 ↔ 3). Similarly, the massless pole in
the t-channel is the same as Au in which the particle labels of the external RR fields are
interchanged, i.e., At = Au(3↔ 4).
Replacing the vertices and propagators in above amplitude, one can evaluate the kine-
matic factor K. Using the antisymmetry property of the RR field strength, we simplify the
result to the following couplings in the string frame:
S ⊃ − γ
29.32κ2
∫
d10x e2φ0
√−G
[
72Fabfg,eFabcd,eFcdrt,hFfgrt,h (16)
−36Fabfg,rFabcd,eFcdth,rFfgth,e − 64Fabcf,gFabcd,eFdrth,eFfrth,g
−Fabcd,eFabcd,eFfgrt,hFfgrt,h + 6Fabcd,fFabcd,eFgrth,fFgrth,e
]
.
In this case we have tried to use the Bianchi identity to reduce the number of terms. However,
we could not reduce the number to less than five terms. So the above terms are the minimum
number of terms for the couplings with structure (∂F (4))4.
For n = 5 case, the supergravity action (7) dictates that there is only one contribution
to the scattering amplitude in the s-channel. The Feynman amplitude in this case is given
as
As =
[
V˜
F
(5)
1 F
(5)
2 h
]µν [
G˜h
]
µν,λρ
[
V˜
hF
(5)
3 F
(5)
4
]λρ
6
The massless pole in the u-channel is the same as As in which the particle labels of the
external RR fields are interchanged, i.e., Au = As(2 ↔ 3). Similarly, the massless pole in
the t-channel is the same as Au in which the particle labels of the external RR fields are
interchanged, i.e., At = Au(3↔ 4). These amplitudes produce the following coupling in the
string frame:
− γ
211.32.5κ2
∫
d10xe2φ0
√−G
[
Fabcde,kFabcde,lFfghij,kFfghij,l + Fabcde,kFabcde,lFfghij,kFfghij,l
−Fabcde,kFabcde,kFfghij,lFfghij,l + 10Fabcde,fFabcdg,fFehijk,lFghijk,l (17)
−10Fabcde,fFabcdg,hFeijkl,hFgijkl,f − 10Fabcde,fFabcdg,hFeijkl,fFgijkl,h
]
which are only P-even couplings. We have compared them with the corresponding scattering
amplitude of four RR vertex operators in string theory and found disagreement! This indi-
cates that the type IIB supergravity does not correctly describe the couplings of RR five-form
field strength. However, the supergravity (7) is expected to describe only the self-dual part
of the RR five-form field strength after imposing the self-duality by hand. Therefore, we
expect the above couplings to be physical only after imposing the following transformation
by hand:
F5 → 1
2
(F5 + ⋆F5), (18)
Then the couplings (17) are expected to be consistent with the α′3 terms of the corresponding
string theory scattering amplitude.
We impose the above self-duality in the couplings (17) and use the identity (15) to rewrite
the even number of Levi-Civita tensors in terms of metric and odd number of Levi-Civita
tensors in terms of one Levi-Civita tensor. Using the “Cadabra” [32,33], we have found the
following result:
S ⊃ − γ
217.33.52κ2
∫
d10x e2φ0
√−G
[
240
(
Fbcdef,aFbcdef,aFhijkl,gFhijkl,g (19)
+180Fbcdef,aFbghij,aFcdghl,kFefijl,k − 360Fbcdef,aFbcghi,aFdegkl,jFfhikl,j
+160Fbcdef,aFbcdgh,aFegjkl,iFfhjkl,i − 40Fbcdef,aFghijk,aFbcdgh,lFefijk,l
+10Fbcdef,aFghijk,aFbcdeg,lFfhijk,l + 2Fbcdef,aFghijk,aFbcdef,lFghijk,l
−30Fbcdef,aFbghij,aFcdefl,kFghijl,k + 40Fbcdef,aFbcghi,aFdefkl,jFghikl,j
+40Fbcdef,aFbcdgh,aFefjkl,iFghjkl,i − 30Fbcdef,aFbcdeg,aFfijkl,hFgijkl,h
)
−ǫabcdefghij
(
360Fabcde,rFfgknp,rFhlmnp,qFijklm,q
−180Fabcde,rFfgknp,qFhlmnp,rFijklm,q − 160Fabcde,rFfghkp,rFilmnp,qFjklmn,q
+20Fabcde,rFfghip,rFjklmn,qFklmnp,q − 50Fabcde,rFfghnp,rFijklm,qFklmnp,q
+55Fabcde,qFfghip,rFjklmn,qFklmnp,r + 50Fabcde,rFfghnp,qFijklm,qFklmnp,r
−50Fabcde,qFfghnp,rFijklm,qFklmnp,r + Fabcde,qFfghij,rFklmnp,qFklmnp,r
)]
7
The P-odd couplings above are then produced only by the self-duality transformation (18).
The above couplings must be invariant under the transformation F (5) → ⋆F (5). So they
describe the couplings of four self-dual five-forms at order α′3. Note that there is no P-odd
couplings in (16), so the above action must produce no couplings with structure ǫ10(∂F
(4))4
under the T-duality. It is easy to verify it by noticing that it is impossible to have four RR
five-form field strengths in the P-odd part that each one carries one Killing index.
Since the couplings with structure (∂F (5))4 have too many indices, it is hard to find
all such couplings with unknown coefficients with the “xTras” package [31]. So we could
not apply the algorithm given above equation (14) to reduce the couplings to the minimum
number.
2.2 ∂F (n)∂F (n)∂F (n−2)∂F (n−2) couplings
Since the maximum rank of the RR field strength is 5, there are three types of couplings in
this section, i.e., n = 3, 4, 5. The scattering amplitude in the s-channel for the cases n = 3, 4
is given by:
As =
[
V˜
F
(n)
1 F
(n)
2 h
]µν [
G˜h
]
µν,λρ
[
V˜
hF
(n−2)
3 F
(n−2)
4
]λρ
+ V˜
F
(n)
1 F
(n)
2 φ
G˜φV˜φF (n−2)3 F
(n−2)
4
The scattering amplitude in the u-channel is given as
Au =
[
V˜
F
(n)
1 F
(n−2)
3 b
]µν [
G˜b
]
µν,λρ
[
V˜
bF
(n)
2 F
(n−2)
4
]λρ
And the Feynman amplitude in the t-channel is the same as Au in which the particle labels
of the external RR fields are interchanged, i.e., At = Au(3↔ 4).
Replacing the vertices and propagators in the above amplitudes, one finds the following
couplings for n = 3, 4 in the string frame:
S ⊃ γ
4κ2
∫
d10x e2φ0
√−G
[
2Faef,cFdef,bFa,bFc,d +
1
3
Fdef,cFdef,bFa,cFa,b − 1
6
Fcde,fFcde,fFa,bFa,b
+Facgh,fFbdgh,eFab,cFde,f − Fadfg,hFbfgh,eFab,cFde,c + Fabgh,dFcefg,hFab,cFde,f
+Fafgh,dFcegh,bFab,cFde,f +
2
3
Fbfgh,dFcfgh,eFad,eFab,c
]
(20)
where we have also used the algorithm given above equation (14) to reduce the couplings to
the minimum number.
For the case n = 5, the type IIB supergravity (7) gives the following Feynman amplitudes
in the s-channel and u-channel:
As =
[
V˜
F
(5)
1 F
(5)
2 h
]µν [
G˜h
]
µν,λρ
[
V˜
hF
(3)
3 F
(3)
4
]λρ
Au =
[
V˜
F
(5)
1 F
(3)
3 b
+ V˜
ǫ10F
(5)
1 F
(3)
3 b
]µν [
G˜b
]
µν,λρ
[
V˜
bF
(5)
2 F
(3)
4
+ V˜
bF
(5)
2 F
(3)
4 ǫ10
]λρ
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The amplitude in the t-channel is the same as Au in which the particle labels of the external
RR fields are interchanged. Replacing the vertices and propagators in the above amplitudes,
one finds the following couplings in the string frame:
γ
28.5.33κ2
∫
d10x e2φ0
√−G
[
120Fabc,dFefg,dFabchi,jFefghi,j − 180Fabc,dFaef,dFbcghi,jFefghi,j
−90Fabc,dFabe,dFcfghi,jFefghi,j + 12Fabc,dFabc,dFefghi,jFefghi,j
+180Fabc,dFaef,gFbchij,gFefhij,d − 180Fabc,dFaef,gFbchij,dFefhij,g
+90Fabc,dFabe,fFcghij,fFeghij,d + 270Fabc,dFabe,fFcghij,dFeghij,f
−36Fabc,dFabc,eFfghij,dFfghij,e + ǫabcdefgklm
(
Fhij,pFklm,nFabcde,nFfghij,p
−Fhij,nFklm,pFabcde,nFfghij,p − Fhij,pFklm,pFabcde,nFfghij,n
)]
which has P-even and P-odd parts.
Since the above couplings involves the RR five form field strength, we have to impose
the transformation (18) by hand to produce correct couplings. We have found the following
couplings for the self-dual RR five-form:
S ⊃ γ
29.5.33κ2
∫
d10x e2φ0
√−G
[
240Fabc,dFefg,dFabchi,jFefghi,j − 360Fabc,dFaef,dFbcghi,jFefghi,j
+6Fabc,dFabc,dFefghi,jFefghi,j + 360Fabc,dFaef,gFbchij,gFefhij,d
−360Fabc,dFaef,gFbchij,dFefhij,g + 360Fabc,dFabe,fFcghij,dFeghij,f
−36Fabc,dFabc,eFfghij,dFfghij,e + ǫabcdefghij
(
3Fabm,pFklm,nFcdekl,pFfghij,n
−3Fabm,nFklm,pFcdekl,pFfghij,n − 3Fabm,pFklm,pFcdekl,nFfghij,n
+3Falm,nFklm,pFbcdek,pFfghij,n + 2Fabc,pFklm,pFdeklm,nFfghij,n
)]
(21)
The above couplings satisfy the self-duality condition F (5) = ⋆F (5). Since the number of
indices are too many, we could not find all contraction of structure (∂F (5))2(∂F (3))2. So
we could not performed the algorithm given above equation (14) to reduce the number of
couplings to the minimum number.
Note that under dimensional reduction on a circle, the P-odd couplings in (21) produce
no term in which each RR field strength carries one Killing index. As a result, the P-odd
couplings in above equation produce no couplings with structure ǫ10(F
(4))2(F (2))2 under
T-duality. This is consistent with the fact that there is no such coupling in (20).
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2.3 ∂F (n)∂F (n)∂F (n−4)∂F (n−4) couplings
Since the minimum rank of the RR field strength is 1, there is only one type of couplings in
this section, i.e., n = 5. The effective action (7) produces the following s-channel amplitude:
As =
[
V˜
F
(5)
1 F
(5)
2 h
]µν [
G˜b
]
µν,λρ
[
V˜
hF
(1)
3 F
(1)
4
]λρ
In this case, one can easily observe that there is no amplitude in u- and t-channel. Therefore,
the total amplitude comes from the s-channel which produces the following couplings in the
string frame:
γ
28.5.32κ2
∫
d10x e2φ0
√−G
[
240Fa,bFc,dFaefgh,cFbefgh,d
]
where we have also used the algorithm given above equation (14) to reduce the number of
couplings to minimum number. By imposing the self-duality transformation (18) on the
above coupling, we obtain the following couplings for the self-dual RR form:
S ⊃ γ
29.5.32κ2
∫
d10x e2φ0
√−G
[
240Fa,bFc,dFaefgh,cFbefgh,d (22)
−ǫabcdefghim
(
Fj,lFk,mFabcde,lFfghij,k + Fj,lFk,mFabcde,kFfghij,l − Fk,jFk,mFabcde,lFfghij,l
)]
where we have also reduced the P-even couplings to minimum number.
2.4 ∂F (n)∂F (n−2)∂F (n−2)∂F (n−4) couplings
In this case also there is only one type of couplings, i.e., n = 5. There is no Feynman
amplitude in the s-channel. The amplitude in the u-channel is given as
Au =
[
V˜
F
(5)
1 F
(3)
3 b
]µν [
G˜b
]
µν,λρ
[
V˜
bF
(3)
2 F
(1)
4
]λρ
+
[
V˜
ǫ10F
(5)
1 F
(3)
3 b
]µν [
G˜b
]
µν,λρ
[
V˜
bF
(3)
2 F
(1)
4
]λρ
The t-channel amplitude is the same as Au in which the particle labels of the external RR
fields are interchanged. Summing these two contributions, one finds the amplitude produces
the following P-even and P-odd couplings:
S ⊃ − γ
26.5.32κ2
∫
d10x e2φ0
√−G
[
120Fcdefg,hFa,bFacd,bFefg,h − 120Fcdfgh,bFa,bFacd,eFfgh,e
−120Fcdfgh,eFa,bFacd,eFfgh,b + ǫabcdeghijk
(
Fabcde,lFf,mFfgh,lFijk,m
+Fabcde,lFf,lFfgh,mFijk,m − Fabcde,lFf,mFfgh,mFijk,l
)]
(23)
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Applying the self-duality condition (18) on above couplings and using the identity (15), we
have found they are invariant. We have also reduced the P-even couplings above to the
minimum number.
One may consider couplings with structure ∂F (n)∂F (n−4)∂F (n−4)∂F (n−2). In this case
there is one possibility, i.e., n = 5. However, the type IIB supergravity indicates that the
vertices in the Feynman amplitudes are zero. So there is no such coupling at order α′3.
2.5 ∂F (n)∂F (n)∂F (n)∂F (n−2) couplings
There are three possibilities in this case, i.e., n = 3, 4, 5. However, the type IIB supergravity
(7) indicates that the Feynman amplitudes in s-, t- and u-channels are zero for n = 3, 5. For
the case n = 4, the type IIA supergravity (6) indicates that the amplitude in the s-channel
is given as
As =
[
V˜
ǫ10F
(4)
1 F
(4)
2 b
]µν [
G˜b
]
µν,λρ
[
V˜
bF
(4)
3 F
(2)
4
]λρ
The amplitude in the u-channel is the same as As in which the particle labels of the external
RR fields are interchanged, i.e., Au = As(2↔ 3). Similarly, the amplitude in the t-channel
is the same as Au in which the particle labels of the external RR fields are interchanged, i.e.,
At = Au(1↔ 2). Replacing the appropriate vertices and propagators in the amplitudes, one
finds the kinematic factors which produces the following couplings in the string frame:
S ⊃ γ
29.32κ2
∫
d10x e2φ0
√−Gǫabcdefghij
[
2Fijmn,kFefgh,lFabcd,kFmn,l
−Fijmn,kFefgh,lFabcd,lFmn,k
]
(24)
which has only P-odd couplings. Note that under dimensional reduction on a circle, the
above couplings produce no term in which the RR four-forms each carries one Killing index
and the RR two-form carries no Killing index. As a result, they produce no couplings with
structure ǫ10(F
(3))4 under T-duality. This is consistent with the fact that there is no such
couplings in (14).
One may consider couplings with structure ∂F (n)∂F (n)∂F (n)∂F (n−4). In this case there
is one possibility, i.e., n = 5. However, the type IIB supergravity indicates that the vertices
in the Feynman amplitudes are zero. So there is no such coupling at order α′3. It is also
consistent with the T-duality of the couplings in (24). In fact the RR two-form in (24)
does not contract with the Levi-Civita tensor, so under the dimensional reduction there
is no coupling in which the RR four-forms carries no Killing index and the RR two-form
carries one Killing index. As a result, the couplings (24) produce no terms with structure
∂F (5)∂F (5)∂F (5)∂F (1).
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3 Consistency with dualities
We have found all different couplings of four RR states at order α′3 in the previous section.
In this section, we would like to show that these couplings are related to the standard four
NSNS couplings under S-duality and T-duality transformations. We begin with the couplings
in section 2.1. Our starting point in this case is the coupling F (3)F (3)F (3)F (3) which can be
found by making the H4 couplings to be S-duality invariant. The H4 couplings on the other
hand can be derived from the coupling t8t8R
4 in (1) by extending the Riemann curvature to
the generalized Riemann curvature [29], i.e.,
Rab
cd → R¯abcd = Rabcd − κ√
2
η[a
[cφ;b]
d] + 2e−φ0/2Hab
[c;d] , (25)
where the bracket notation is defined as Hab
[c;d] = 1
2
(Hab
c;d −Habd;c) and φ0 is the constant
dilaton background and the semicolon symbol denotes the covariant derivative. The resulting
action has the following form in the Einstein frame [29]:
S ⊃ γ
κ2
∫
d10x
√−Ge−3φ0/2
[
R¯hkmnR¯krnpR¯rsqmR¯shpq +
1
2
R¯hkmnR¯krnpR¯rspqR¯shqm (26)
−1
2
R¯hkmnR¯krmnR¯rspqR¯shpq − 1
4
R¯hkmnR¯krpqR¯rsmnR¯shpq
+
1
16
R¯hkmnR¯khpqR¯rsmnR¯srpq +
1
32
R¯hkmnR¯khmnR¯rspqR¯srpq
]
The couplings of four H can be read from the above action. Invariance of this action under
S-duality transformations in type IIB theory requires the couplings of four F (3) to be the
same as the couplings of four H , i.e., the couplings in the string frame are
S ⊃ 16γ
κ2
∫
d10x
√−Ge2φ0
[
Fhk[m;n]Fkr[n;p]Frs[q;m]Fsh[p;q] +
1
2
Fhk[m;n]Fkr[n;p]Frs[p;q]Fsh[q;m]
−1
2
Fhk[m;n]Fkr[m;n]Frs[p;q]Fsh[p;q] − 1
4
Fhk[m;n]Fkr[p;q]Frs[m;n]Fsh[p;q]
+
1
16
Fhk[m;n]Fkh[p;q]Frs[m;n]Fsr[p;q] +
1
32
Fhk[m;n]Fkh[m;n]Frs[p;q]Fsr[p;q]
]
. (27)
Writing the above couplings and the couplings (F (3))4 in (14) in terms of independent vari-
ables, we have found that they are exactly identical.
We use the following steps on the couplings (27) to find the couplings with structure
(F (n))4 for n = 2, 1: We first use the dimensional reduction on the couplings (27) and keep
the terms with structure (F (2)y )
4 where the index y is the Killing index. Under the linear
T-duality transformations, the RR field strength F (n)y transforms to F
(n−1) with no Killing
index. Therefore, under the T-duality transformation the above couplings transform to the
couplings with structure (F (2))4 in type IIA theory. Performing the same steps once more,
we have found the couplings with structure (F (1))4 in type IIB theory. We have checked that
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these couplings are exactly equal to the corresponding couplings in (14) when we write them
in terms of independent variables.
Now consider the couplings in the dimensional reduction of (27) in which the RR three-
forms carry no Killing index. Under the T-dality, they transforms to the couplings with
structure (F (4)y )
4 in type IIA theory. We compare these couplings with the couplings with
structure (F (4)y )
4 in the dimensional reduction of the couplings (16). Writing both set of
couplings in terms of independent variables, we have found exact agreement.
To show that the coupling with structure (F (5))4 in (19) are consistent with dualities, we
note that RR five-form field strength is invariant under the S-duality. We already pointed
out that the P-odd couplings in (19) are consistent with T-duality. To verify that the P-even
couplings in (19) are consistent with T-duality, we consider the couplings in the dimensional
reduction of (19) in which the RR five-forms each carries one Killing index, i.e., (F (5)y )
4.
Under the T-duality, they transforms to the couplings with structure (F (4))4. We compare
them with the couplings in (16). Writing both set of couplings in terms of independent
variables, we have found exact agreement.
We now compare the couplings in section 2.2 with dualities. Our starting point in this
case is the couplings with structure F (5)F (5)F (3)F (3). Using the consistency of the couplings
(26) with S-duality and T-duality, the couplings with structure F (5)F (5)HH have been found
in [22]. Under the S-duality, the RR five-form is invariant and B-field strength H transforms
to the RR three-form field strength. So the consistency of the couplings found in [22] with
S-duality, requires the following couplings in the string frame:
S ⊃ γ
κ2
∫
d10x e2φ0
√−G
[
− 2
3
Fhrstu,nFqrstu,mFknp,hFmpq,k
+
2
3
Fnqstu,hFpqstu,mFknr,hFmpr,k − 1
90
Fnqstu,hFnqstu,kFmpr,hFmpr,k
+
1
6
Fhqstu,nFkqstu,mFmpr,kFnpr,h +
1
6
Fhqstu,mFkqstu,nFmpr,kFnpr,h
+
4
9
Fhkmnu,tFpqrtu,nFhkm,sFpqr,s +
1
3
Fnqrtu,hFnpstu,kFhqr,mFkps,m
−1
3
Fnqrtu,hFmrstu,kFnpq,kFmps,h − 4
3
Fmnptu,kFnrstu,hFkpq,mFhqs,r
+4Fnqrtu,hFmpstu,kFhkr,nFpqs,m +
1
3
Fmnptu,hFmqstu,hFnpr,kFqrs,k
]
. (28)
To compare them with the couplings in (21), we have to impose the self-duality transfor-
mation (18) on the above couplings. Using the identity (15) to write the multiple of two
Levi-Civita tensors in terms of metric, we find two types of terms. One type has terms with
no Levi-Civita tensor which is the same as (28) up to the overall factor of 1
2
. The other type
has terms with one Levi-Civita tensor. This part, in the momentum space, produces terms
with zero or one Mandelstam variables which are not consistent with the superstring theory
amplitudes [20,34]. This indicates that the couplings (28) must have some P-odd couplings
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which are not related to the couplings (26) by the string dualities. In fact, the corresponding
Feynman amplitude in section 2.2 has P-odd couplings even before imposing the self-duality
transformation.
The P-even couplings (28) and their P-odd partners must be consistent with T-duality
before or after imposing the self-duality transformation because they are not produced by
type IIB supergravity which is off for the RR five-form field strength. In particular, under
the dimensional reduction of (28), the couplings with structure (F (5)y )
2(F (3)y )
2 transforms
under T-duality to the couplings with structure (F (4))2(F (2))2 in (20). This indicates that
the self-duality transformation of the action (28) and its P-odd partner should produce the
same couplings as (28). The transformation of (28) under the self-duality (18) produces the
same couplings with the overall factor 1
2
and some P-odd couplings. The other factor of 1
2
must then be reproduced by self-duality transformation of the P-odd terms.
One may try to find the P-odd partner of (28) by considering all contractions with
structure ǫ(10)(F (5))2(F (3))2 with unknown coefficients and fix them by requiring them to
produce the above factor of 1
2
under the self-duality transformation and requiring them to
produce no term with zero or one Mandelstam variables in the momentum space [20, 34].
However, there are too many such contractions, so we do not try to find the P-odd partner
of the couplings (28) in this paper. We have written the couplings (28) and the P-even part
of couplings (21) in terms of independent variables and found exact agreement.
Using the dimensional reduction on the couplings (28) in type IIB theory, one can find
the couplings with structure (F (5)y )
2(F (3)y )
2. Under T-duality they transform to the couplings
with structure (F (4))2(F (2))2 in type IIA theory. Repeating these steps on the couplings
(F (4))2(F (2))2, one can find the couplings with structure (F (3))2(F (1))2 in type IIB theory.
Writing these couplings and the corresponding couplings in (20) in terms of independent
variables, we have again found exact agreement between the two set of couplings.
We now compare the couplings in section 2.3 with dualities. There is only one coupling in
this section, i.e., the couplings with structure (F (5))2(F (1))2. Such couplings have been found
in [27] by imposing the S-duality on the couplings of two RR five-form and two dilatons (see
eq. (69) in [27]). Alternatively, the couplings with structure (F (5))2(F (1))2 can be found by
imposing the dualities on the couplings (28). To this end, we use the dimensional reduction
on the couplings with structure (F (4))2(F (2))2 that we have found in the above paragraph,
and consider terms with structure (F (4))2(F (2)y )
2. Then under T-duality they transform to
the couplings with structure (F (5)y )
2(F (1))2. Converting the Killing index to a complete
space-time index and taking the symmety factors into account, one finds the couplings with
structure (F (5))2(F (1))2 without any ambiguity because it is impossible to have couplings in
which the RR five-forms do not contract with each other. These couplings are the same as
the couplings found in [27], i.e., in the string frame they are
S ⊃ 2
3
γ
κ2
∫
d10x
√−Ge2φ0
[
Faefgh,cFbefgh,dFa,bFc,d
]
(29)
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Transforming the above couplings under the self-duality (18), we have found couplings which
are identical to the couplings in (22) after writing both sets in terms of independent vari-
ables. This indicates that there is no P-odd coupling in the above action. As in the field
theory section 2.3, the P-odd part in the self-dual action comes only from the self-duality
transformation.
To compare the couplings in section 2.4 with dualities, we consider the couplings with
structure F (5)F (1)HH which have been found in [27] by imposing dualities on the couplings
in (27). The S-duality invariant of these couplings produces among other things the couplings
with structure F (5)F (1)F (3)F (3), i.e.,
S ⊃ − γ
κ2
∫
d10x
√−Ge2φ0 [8Fh,kFmnpqr,sFhpq,mFkrs,n (30)
+4Fh,kFkmnpq,rFmns,hFpqr,s − 2Fh,kFkmnpq,hFmns,rFpqr,s]
Note that these couplings are only P-even. Transforming them under the self-duality (18),
one finds P-even and P-odd couplings. Writing them in terms of independent variables, we
have found they are exactly equal to the couplings in (23). It is important to note that the
field theory couplings in section 2.4 have P-odd part even before imposing the self-duality
transformation, whereas the above couplings have no P-odd part. This indicates the field
theory couplings (23) are consistent with the duality transformations of (26), i.e., (30), only
after imposing the self-duality transformation on (30).
Finally, the P-odd couplings in section 2.4 should be related to the P-odd couplings
in (24) under T-duality. Under the dimensional reduction, the latter couplings produce
among other things, the couplings with structure ǫ(10)y F
(4)(F (4)y )
2F (2)y . Under T-duality, they
transform to the couplings with structure ǫ(10)y F
(5)
y (F
(3))2F (1). Completing the Killing index
to the full spacetime index, one finds the couplings with structure ǫ10F
(5)(F (3))2F (1). Writing
the resulting couplings and the P-odd couplings in (23) in terms of independent variables,
we have found exact agreement.
4 Consistency with string amplitudes
In this section, we are going to calculate the kinematic factor K directly in the type II
superstring theory and compare it with the couplings found in section 2.
The tree-level scattering amplitude of four RR states in the RNS formalism [35] is given
by the correlation function of their corresponding vertex operators on the sphere world-sheet.
Since the background superghost charge of the sphere is Qφ = 2, one has to choose the vertex
operators in the appropriate pictures to produce the compensating charge Qφ = −2. We
choose the RR vertex operators in (−1/2,−1/2) picture. The amplitude is given by the
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following correlation function [35]:
A ∼
∫ 4∏
i=1
d2zi
〈
4∏
j=1
V
(−1/2,−1/2)
RR (zj, z¯j)
〉
, (31)
where the vertex operators are
V
(−1/2,−1/2)
RR (zj , z¯j) = (P∓Γj(n))
AB : e−φ(zj)/2SA(zj)e
ikj ·X(zj) :
×e−φ˜(z¯j)/2S˜B(z¯j)eikj ·X˜(z¯j) :, (32)
where j = 1, · · · 4 and the indices A,B, · · · are the Dirac spinor indices and P∓ = 12(1∓ γ11)
is the chiral projection operators which make the calculation of the gamma matrices to be
with the full 32 × 32 Dirac matrices of the ten dimensions. The RR field strength appears
in the definition of Γi(n) as
Γi(n) =
an
n!
Fiµ1···µn γ
µ1···µn , (33)
where the factor an = −1 in the type IIA theory and an = i in the type IIB theory [36].
There is ambiguity in choosing the chiral projection operator in the vertex operator (32),
e.g., P− or P+. As we will see, this makes it difficult to confirm the P-odd couplings in
section 2 with the string theory scattering amplitudes. The normalization of the amplitude
(31) in which we are not interested in this section, may be fixed after fixing the conformal
symmetry of the integrand.
Substituting the vertex operators (32) into (31), and using the fact that there is no
correlation between holomorphic and anti-holomorphic for the sphere world-sheet, one can
separate the amplitude to the holomorphic and the anti-holomorphic parts as
A ∼ (P−Γ1(n))AB(P−Γ2(m))CD(P−Γ3(p))EF (P−Γ4(q))GH
∫ 4∏
i=1
d2zi IACEG ⊗ I˜BDFH , (34)
where the holomorphic part is
IµαAC =
〈
: e−φ(z1)/2 : e−φ(z2)/2 : e−φ(z3)/2 : e−φ(z4)/2 :
〉
×
〈
: eik1·X(z1) : eik2·X(z2) : eik3·X(z3) : eik4·X(z4) :
〉
×〈: SA(z1) : SC(z2) : SE(z3) : SG(z4) :〉 , (35)
and the anti-holomorphic part I˜BDFH is given by similar expression.
Using the standard propagators and the correlation function of four spin operators [35],
one can perform the correlatos in (34). Using the on-shell relations and the conservation of
momentum, one can check that the integrand of the amplitude is invariant under SL(2, R)×
SL(2, R) transformations which is the conformal symmetry of the z-plane. Fixing this
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symmetry by setting z1 = 0, z2 ≡ z, z3 = 1 and z4 =∞ and normalizing the amplitude, one
can write it in the string frame form of (2) in which the kinematic factor is
K = (P∓Γ1(n))AB(P∓Γ2(m))CD(P∓Γ3(p))EF (P∓Γ4(q))GHKACEG ⊗ K˜BDFH . (36)
where the kinematic factor in the holomorphic part is
KACEG = −1
8
[
t(γµC−1)AC(γµC
−1)EG − s(γµC−1)AG(γµC−1)CE
]
. (37)
and the kinematic factor in the anti-holomorphic part is similar to the above expression.
One may use the KLT prescription [37] to calculate the sphere-level scattering amplitude
of closed string states from the corresponding disk-level scattering amplitude of open string
states. According to the KLT prescription, the sphere-level amplitude of four closed string
states is given by
A ∼ sin(α′πk2 ·k3/2)Aopen(s/8, t/8)⊗ A˜open(t/8, u/8), (38)
where Aopen(s/8, t/8) is the disk-level scattering amplitude of four open string states in the
s− t channel which has been calculated in [6],
Aopen(s/8, t/8) ∼ Γ(−s/8)Γ(−t/8)
Γ(1 + u/8)
K, (39)
where the Mandelstam variables are the same as in the closed string amplitude. The open
string kinematic factor K depends on the momentum and the polarization of the external
states [6].
To find the sphere-level scattering amplitude of four RR states, one has to consider the
disk-level scattering amplitude of four R states. The kinematic factor for this case is [6]
K(u1, u2, u3, u4) = −1
8
[
tu¯A1 (γ
µC−1)ACu
C
2 u¯
E
3 (γµC
−1)EGu
G
4
−su¯A1 (γµC−1)AGuG4 u¯C2 (γµC−1)CEuE3
]
(40)
where ui with i = 1, · · · , 4 are the spinor polarizations. They satisfy the following on-shell
relations
k2i = 0, (γ ·kiC−1)ABuBi = 0. (41)
Using these relations, one can write the open string kinematic factor (40) in terms of the
holomorphic kinematic factor (37) as
K(u1, u2, u3, u4) = −4i
√
2uA1 u
C
2 u
E
3 u
G
4 KACEG. (42)
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Similarly for the antiholomorphic part, i.e.,
K˜(u˜1, u˜2, u˜3, u˜4) = −4i
√
2u˜B1 u˜
D
2 u˜
F
3 u˜
H
4 K˜BDFH .
Using the above relations and Γ(x)Γ(1 − x) = π/ sin(πx), and substituting the following
relations in (38)
uA1 ⊗ u˜B1 → (P∓Γ1(n))AB,
uC2 ⊗ u˜D2 → (P∓Γ2(m))CD,
uE3 ⊗ u˜F3 → (P∓Γ1(n))EF ,
uG4 ⊗ u˜H4 → (P∓Γ2(m))GH , (43)
one can write it as the string frame form of (2) with the kinematic factor (36), as expected.
While the open string kinematic factor (40) is the final result for the S-matrix element of
four open string spinors, the closed string kinematic factor (36) is not yet the final result.
The Dirac matrices in the kinematic factor appear in trace operators which should then be
evaluated explicitly to find the final kinematic factor of the closed string amplitude.
The closed string kinematic factor (36) has four different terms, each one has one of the
following factors:
T1 = (P∓Γ1(n))
AB(P∓Γ2(m))
CD(P∓Γ3(p))
EF (P∓Γ4(q))
GH
×(γµC−1)AC(γµC−1)EG(γνC−1)BD(γνC−1)FH ,
T2 = (P∓Γ1(n))
AB(P∓Γ2(m))
CD(P∓Γ3(p))
EF (P∓Γ4(q))
GH
×(γµC−1)AG(γµC−1)CE(γνC−1)BD(γνC−1)FH ,
T3 = (P∓Γ1(n))
AB(P∓Γ2(m))
CD(P∓Γ3(p))
EF (P∓Γ4(q))
GH
×(γµC−1)AC(γµC−1)EG(γνC−1)BH(γνC−1)DF ,
T4 = (P∓Γ1(n))
AB(P∓Γ2(m))
CD(P∓Γ3(p))
EF (P∓Γ4(q))
GH
×(γµC−1)AG(γµC−1)CE(γνC−1)BH(γνC−1)DF , (44)
Using the properties of the charge conjugation matrix and the Dirac matrices (see e.g.,
appendix B. in [36]), one can write the tensors T1, · · · , T4 in terms of the RR field strengths
and the trace of the gamma matrices as
T1 =
(−1) 12 [m(m+1)+q(q+1)]anamapaq
n!m!p!q!
F1µ1···µnF2ν1···νmF3α1···αpF4β1···βq
Tr(P±γ
µγµ1···µnγνγν1···νm)Tr(P±γµγ
α1···αpγνγ
β1···βq),
T2 =
(−1) 12 [m(m+1)+q(q+1)]anamapaq
n!m!p!q!
F1µ1···µnF2ν1···νmF3α1···αpF4β1···βq
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Tr(P±γ
νγν1···νmγµγα1···αpγνγ
β1···βqγµγ
µ1···µn),
T3 =
(−1) 12 [n(n+1)+p(p+1)]anamapaq
n!m!p!q!
F1µ1···µnF2ν1···νmF3α1···αpF4β1···βq
Tr(P±γ
νγν1···νmγµγα1···αpγνγ
β1···βqγµγ
µ1···µn),
T4 =
(−1) 12 [m(m+1)+q(q+1)]anamapaq
n!m!p!q!
F1µ1···µnF2ν1···νmF3α1···αpF4β1···βq
Tr(P±γ
µγµ1···µnγνγβ1···βq)Tr(P±γµγ
α1···αpγνγ
ν1···νm). (45)
Using the above factors, the closed string kinematic factor (36) can be written as
K = 1
64
[
t2T1 − stT2 − stT3 + s2T4
]
, (46)
Performing the traces, one finds how the four RR field strengths contract among themselves.
Writing t2 = 16α′2k2 ·k3k1 ·k4, s2 = 16α′2k1 ·k2k3 ·k4 and using the first relation in (12), one
may write the kinematic factor (46) in the form of (∂F )4 in the spacetime which can then
be compared with the couplings in section 2.
The scattering amplitude of four RR states in type II superstring theories have been also
calculated in the Pure spinor formalism in [39]. The couplings of four RR field strengths at
order α′3 have been found to be
S ⊃ ∑
M,N,P,Q
va1···aM ;b1···bN ;c1···cP ;d1···dQ∂i∂jFa1···aM∂
i∂jFb1···bNFc1···cPFd1···dQ, (47)
where the sum over M, · · · , Q, run over even integers from zero to four for type IIA super-
gravity, and over odd integers from one to five for type IIB. The tensor v is defined in terms
of the trace of the gamma matrices as follows:
va1···aM ;b1···bN ;c1···cP ;d1···dQ =
32
9
cMcNcP cQ
M !N !P !Q![
Tr(P∓γ
a1···aMγqγ
b1···bNγnγ
c1···cP γqγd1···dQγn)εNεQ
−Tr(P∓γa1···aMγqγb1···bNγn)Tr(P∓γc1···cP γqγd1···dQγn)εNεQ
−5Tr(P∓γa1···aMγqγc1···cP γnγb1···bNγqγd1···dQγn)εP εQ
+4Tr(P∓γ
a1···aMγqγ
c1···cP γn)Tr(P∓γ
b1···bNγqγd1···dQγn)εPεQ
+Tr(P∓γ
a1···aMγqγ
c1···cP γnγ
d1···dQγqγb1···bNγn)εNεQ
]
(48)
where c2p = (−1)p+1/16
√
2 and εN = (−1) 12N(N−1). We have included the chiral projection
operators in the traces, because the RR vertex operators that have been considered in [39]
have no chiral projection operator. Using the RR vertex operator (32) instead, one has to
consider P∓ inside the traces.
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The γ11 in the chiral projection operators has one Levi-Civita tensor. As a result, the
kinematic factor (46) and tensor v in (48) have terms with zero, one and two Levi-Civita
tensors. Since there is ambiguity in the chiral projection operator in the vertex (32), the signs
of P-odd terms in T1, T2, T3, T4 and in tensor v are ambitious. Therefor, we consider only
the P-even terms in the kinematic factor (46) and in tensor v . Moreover, we use the identity
(15) to write the two Levi-Civita tensors in them in terms of metric. Using the symbolic
program for the manipulation the gamma matrices [38], we have performed the traces in the
kinematic factor (46) and in the tensor v. Using on-shell relations, we have found that the
P-even terms in RNS and in the Pure spinor formalisms at order α′3 are exactly identical.
We have also found these couplings are identical to various P-even couplings in section 2.
Acknowledgments: This work is supported by Ferdowsi University of Mashhad under
grant 2/30889-1393/04/10.
A Three-point vertices and propagators
Using the supergravities (6) and (7), one can read the propagators of the NSNS fields and
the three-point vertices for two on-shell RR states and one off-shell NSNS state that we need
in evaluating the Feynman amplitudes in section 2. The propagators are
• Graviton propagator[
G˜h
]
µν,λρ
= − i
2k2
(
ηµληνρ + ηµρηνλ − 1
4
ηµνηλρ
)
. (49)
• B-field propagator
[
G˜b
]
µν,λρ
= −ie
φ0
2k2
(ηµληνρ − ηµρηνλ) . (50)
• Dilaton propagator
G˜φ = − i
k2
. (51)
The vertices are the following:
• Two RR and one graviton3
[
V˜
F
(n)
1 F
(n)
2 h
]λρ
=
ie
(5−n)
2
φ0
4καn!
(
2nF
(λ
1 ν1···νn−1F
ρ)ν1···νn−1
2 − ηλρ F1ν1···νnF ν1···νn2
)
(52)
3The parentheses notation over indices means symmetrization with a factor 1
2
.
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• Two RR and one B-field
[
V˜
F
(n)
1 F
(n−2)
2 b
]λρ
= − ie
(5−n)
2
φ0
4κα(n− 2)!F
λρ
1 ν1···νn−2F
ν1···νn−2
2 (53)
• Two RR and one dilaton
V˜
F
(n)
1 F
(n)
2 φ
= −ie
(5−n)
2
φ0
4
√
2κn!
(5− n)F1ν1···νnF ν1···νn2 (54)
• Two RR four-form, one B-field and one Levi-Civita tensor[
V˜
ǫ10F
(4)
1 F
(4)
2 b
]αβ
= − i
1152κ
ǫαβγδǫζηλµνF1γδǫζF2ηλµν . (55)
• One RR five-form, one RR three-form, one B-field and one Levi-Civita tensor[
V˜
ǫ10F
(5)
1 F
(3)
2 b
]αβ
= − i
2880κ
ǫαβγδǫζηλµνF1ζηλµνF2γδǫ. (56)
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